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Synopsis We propose an approach to describe three-body Coulomb continuum wave functions in the entire space. It makes use
of expansions on Convoluted Quasi Sturmian (CQS) basis, modified by an adequate phase factor as to possess an asymptotic
form very close to the formal one. To show numerically that they constitute a suitable set of basis functions we consider the
two-electron continuum case (e.g., electron impact double ionization of helium): a considerable improvement of the partial
transition amplitudes’ convergence rate is indeed observed.

The continuum spectrum of three charged parti-
cles in Coulomb interaction is notoriously difficult to
describe. When solving atomic or molecular ioniza-
tion problems, imposing the cumbersome boundary
conditions to the wave function constitutes one of the
primary mathematical and numerical difficulty. Be-
sides, the long range nature of the Coulomb interac-
tion implies solving Schrödinger’s equation on rela-
tively large spatial domains, which eventually trans-
lates into using large basis sets and a high compu-
tational cost. Ideally, such a domain should be ex-
tended up to the boundary of the asymptotic region
(Ω0) where all interparticle distances are large.

Only few ab initio methods (see, e.g., the review
[2] and Introduction of [3]) have been and are be-
ing developed for constructing three-body continuum
wave functions. In this contribution, we would like
put forward a numerical approach in which the so-
lution is obtained in the entire space so that the ion-
ization amplitude is extracted from the expansion co-
efficients. The key idea is to use an expansion on
a basis set of functions whose asymptotic behavior is
as close as possible to the formal one in the Ω0 region
[1].

The proposed basis set contains two ingredients.
First, it uses two-particle functions, named Convo-
luted Quasi Sturmian (CQS) in Ref. [3]; these be-
have asymptotically as a six-dimensional outgoing
(incoming) spherical wave, meaning that they al-
ready possess intrinsically some three-body features.
While promising, truncated expansions on CQS func-
tions failed to converge satisfactorily with increas-
ing basis size. The reason behind it is that they
miss out an important term in the large hyperra-

dius (ρ =
√

r2
1 + r2

2) domain: a Coulomb logarithmic
phase which corresponds to the interelectronic poten-
tial. This brings us to the second ingredient, which
consists in introducing – from the outset – an appro-
priate phase factor into the basis set. The modified
CQS functions possess then an asymptotic behavior

closer to the formal one, and lead to a considerable
convergence improvement in numerical results.

For the sake of simplicity, we consider the two-
electron continuum that occurs, for example, in the
electron-impact double ionization of helium. To first
order, the process can be described by a three-body
Schrödinger driven equation. We seek a solution in
the form of a truncated partial wave expansion on
modified CQS. The desired phase is obtained as to
cancel out at best the Coulomb potential 1/r12.

As we focus on the region Ω0 we consider, as a
numerical test case, typical experimental kinematical
conditions with two electrons escaping with 10 eV
each. We first investigate the compatibility of intro-
ducing a phase factor when using truncated expan-
sions with a two-channel case with total angular mo-
mentum L = 0. We construct a suitable formula for
the phase, and show that it indeed accelerates signif-
icantly the convergence of the calculated amplitudes
as the number of basis functions is increased. We
then consider total angular momentum L = 1, which
provides the dominant contribution to the cross sec-
tions [4]. It is found that the introduction of the phase
factor (with just two parameters) is again effective in
obtaining satisfactory convergence of the partial tran-
sition amplitudes on a basis set of reasonable size.
Thus, we expect the CQS basis combined with the
proposed phase method to provide an effective tool
for the study of full (e,3e) processes as well.

References

[1] S. P. Merkuriev and L. D. Faddeev, Quantum Scat-
tering Theory for Several Particle Systems (Kluwer
Academic, Dordrecht, 1993).

[2] I. Bray et al. 2012 Phys. Rep. 520 135
[3] A. S. Zaytsev, L. U. Ancarani, S. A. Zaytsev 2016 Eur.

Phys. J. Plus 131 48
[4] M.J. Ambrosio, F.D. Colavecchia, G. Gasaneo, D.M.

Mitnik, D. M. and L.U. Ancarani 2015 J. Phys. B 48
055204

1E-mail: ugo.ancarani@univ-lorraine.fr
2E-mail: zay1962@mail.ru

http://www.sciencedirect.com/science/article/pii/S0370157312002062
http://dx.doi.org/10.1140/epjp/i2016-16048-0
mailto:ugo.ancarani@univ-lorraine.fr
mailto:zay1962@mail.ru

